The time evolution of entanglement tracks how information propagates in interacting quantum systems. We study entanglement entropy in CFT 2 with a time-dependent Hamiltonian. We perturb by operators with time-dependent source functions and use the replica trick to calculate higher order corrections to entanglement entropy. At first order, we compute the correction due to a metric perturbation in AdS 3 /CFT 2 and find agreement on both sides of the duality. Past first order, we find evidence of a universal structure of entanglement propagation to all orders. The central feature is that interactions entangle unentangled excitations. Entanglement propagates according to "entanglement diagrams," proposed structures that are motivated by accessory spacetime diagrams for real-time perturbation theory. To illustrate the mechanisms involved, we compute higher-order corrections to free fermion entanglement entropy. We identify an unentangled operator, one which does not change the entanglement entropy to any order. Then, we introduce an interaction and find it changes entanglement entropy by entangling the unentangled excitations. The entanglement propagates in line with our conjecture. We compute several entanglement diagrams. We provide tools to simplify the computation of loop entanglement diagrams, which probe UV effects in entanglement propagation in CFT and holography.
Introduction
Entanglement is a fundamental feature of quantum field theory. The program of studying entanglement and other information-theoretic quantities in field theory has recently led to new understanding of the well-known holographic correspondence between gravitational theories in anti-de Sitter spacetimes (AdS) and large-N strongly-coupled conformal field theories (CFTs). The AdS/CFT correspondence provides a route towards understanding quantum gravitational effects through their dual CFT description, and aspects of strongly coupled field theories through their dual AdS solutions [1] . Basic entries in the AdS/CFT dictionary involve information-theoretic quantities, including quantum error correction, complexity, mutual information, and relative entropy [2] [3] [4] [5] [6] . The black hole information loss paradox is intimately tied to questions of entanglement across the horizon [7, 8] .
We will focus on entanglement entropy in this work. A significant body of evidence suggests that surface area in AdS calculates the entanglement entropy of CFT subregions, see for example [9] [10] [11] [12] . CFT entanglement entropy can also be used to derive bulk equations of motion [13] . We investigate the time-dependence of entanglement entropy in CFTs. We work in 1 + 1 dimensions, in which global conformal symmetry is enhanced to Virasoro symmetry, providing greater control over the system in question. We study time-dependent perturbations of vacuum entanglement entropy of a single interval in a CFT and apply our results to the AdS 3 /CFT 2 correspondence.
The time evolution of entanglement entropy in excited states has been well-studied, see for example [14] [15] [16] [17] [18] [19] [20] [21] . Excited states can also be created by a time-dependent Hamiltonian, and the two setups are related but distinct [22] . Excited states have been used to model quantum quenches, wherein the Hamiltonian changes abruptly and the state is no longer a vacuum of the new Hamiltonian [20, 23] . Studies of entanglement with time-dependent Hamiltonians have also focused on quantum quenches [24] [25] [26] [27] [28] [29] [30] . General features of Hamiltonian perturbations by local operators have been explored [31, 32] and a study of their time-dependence has been initiated through conformal perturbation theory [33] . In [33] , the first law was used to calculate the change in entanglement entropy to first order in J due to the Hamiltonian perturbation J(x, t)O(x) for operators O in the free scalar and fermion theories in various spacetime dimensions. Their CFT results agreed with that of the Hubeny-Rangamani-Takayanagi prescription (HRT) in the bulk, the covariant generalization of the Ryu-Takayanagi prescription (RT) for computing CFT entanglement entropy through extremal surface area.
We will now summarize this manuscript for the reader's convenience. In this work, we study corrections to vacuum entanglement entropy of a single interval A due to Hamiltonian perturbations of the form J(x, t)O(x). For illustrative purposes, the source function J(x, t) is localized in spacetime, but our methods apply for general source functions. Our primary CFT tool is the replica trick.
In Section 2, we provide background on the analytic continuation of correlators from Euclidean to Lorentzian signature in position space and the replica trick.
In Section 3, we warm up with first-order Euclidean computations. We consider an infinitesimal Weyl transformation, equivalent to choosing O = Tr(T ), and compute the change in entanglement entropy with the replica trick and a proper length cutoff procedure. As expected, entanglement entropy changes only at the location of O, the only place conformal symmetry is broken. Using a bulk diffeomorphism that implements the CFT metric transformation, we compute the change in the Ryu-Takayanagi surface area and find agreement with the CFT result. The Euclidean entanglement entropy changes only due to the perturbation at the entangling surface ∂A, as in the CFT.
In Section 4, we work in Lorentzian signature and perform a metric perturbation equivalent to choosing O(z) = T (z). Computing the entanglement entropy in the CFT using the replica trick and the entanglement first law give the same result, and we identify a nontrivial causality property that the modular Hamiltonian obeys but does not make manifest. We compute the change in entanglement entropy in the bulk using the corresponding AdS 3 solution and find agreement with the CFT result. The bulk geodesic integral reduces to the CFT first law integral. We conclude that the perturbation changes physics at the entangling surface, just as in the Euclidean case.
Shifting gears, we move to higher orders in perturbation theory. Here, we find evidence of a universal structure of entanglement propagation to all orders: interactions entangle unentangled excitations according to entanglement diagrams. The creation of entanglement through interaction is itself a familiar mechanism in other contexts [34] [35] [36] ; here, we investigate this mechanism in real-time perturbation theory.
In Section 5, we make the precise conjecture. For operators O that do not change entanglement entropy to any order in J, certain interactions λO λ in the Hamiltonian entangle these excitations. Entanglement changes only when a non-trivial "entanglement diagram" can be drawn of the process, depicting entanglement propagating through a web of interactions. See figure 1 for an example. Entanglement diagrams are position-space diagrams associated with the computation of entanglement entropy in real-time perturbation theory, with rules specific to entanglement propagation. However, even in the case of perturbation about a free field theory, entanglement diagrams are not the standard spacetime Feynman diagrams built from Wick contractions of the elementary fields. Instead, lines and vertices in entanglement diagrams are built from operators that serve as building blocks of entanglement in that theory. We provide a procedure to identify these operators.
Entanglement diagrams explicitly differentiate between two mechanisms of entanglement: entanglement due to interactions between excitations, and entanglement due to pre-existing background state correlations. We develop a diagrammatic method of organizing and streamlining real-time perturbation theory computations that makes causality properties manifest.
In Section 6, we perform calculations that provide evidence for the conjecture in Section 5. We use explicit twist operators in the bosonized free fermion theory to compute perturbative corrections to entanglement entropy, as in for example [37] . In the free fermion theory, the natural entanglement diagrams are the position-space Feynman diagrams associated with real-time perturbation theory, but in which lines are Wick contractions of the free boson φ rather than the free fermion ψ = e iφ . We identify an unentangled operator O = ∂φ, the spin 1 current, that does not change entanglement entropy to any order. Then, we compute entanglement entropy in the presence of the cubic interaction O λ = (∂φ) 3 , the spinthree current. Entanglement entropy changes at order J 2 λ 2 , and entanglement propagates according to the associated entanglement diagrams. We compute all J 2 λ 2 diagrams. The computation manifests various features of the conjecture in Section 6, for instance that processes that would contribute to a generic correlator are prohibited entanglement entropy corrections according to the entanglement diagram rules. The free fermion is an elementary, tractable testing ground for features of entanglement propagation to high loop order. Our goal is to make locality and causality manifest and so we express the lightcone divergences in position space rather than momentum space. Divergences can be addressed using methods in [38] . We consider irrelevant, marginal, and relevant O λ , and we expect that the entanglement structure we find is independent of operator dimension. All expectation values are taken in the vacuum unless otherwise specified, and beginning in Section 4, we omit overall numerical factors that play no role in our results.
Background

Analytic continuation to Lorentzian signature
We review the procedure of analytically continuing correlators from Euclidean to Lorentzian signature, connecting the iǫ prescription that is transparent in free field theory to the more general contour prescription discussed in [18] .
We begin with the iǫ prescription for obtaining Lorentzian two-point functions in free field theory. We will use the free scalar field in d + 1 dimensions as an example and use the mostly minus signature. Just as in the Feynman prescription, we may begin with the Euclidean Green's function
with contour C for p 0 chosen along the imaginary axis. Notice that if Euclidean time ǫ is continued to Lorentzian time in the integrand, the integral will diverge unless the contour is rotated. Choosing −iǫ allows us to close the contour in the p 0 > 0 half of the plane, enclosing the E p = (p) 2 + m 2 pole. At this point, ǫ is analytically continued so that −iǫ → t − iǫ, which amounts to increasing t to its non-zero Lorentzian value. Taking the ǫ → 0 limit, we obtain the Lorentzian two-point function 0|φ(x)φ(0)|0 . Using the iǫ value instead gives 0|φ(0)φ(x)|0 . In the spacelike region x 2 < 0, choosing either ±iǫ will give the same result.
In this case, the operators commute just as in the Euclidean correlator [39, 40] . Now we examine the iǫ prescription in position space. Correlators are multivalued in complex time and the iǫ prescription indicates the direction from which we approach branch cuts in the correlator when we continue from complex to real time. Consider a spinless operator O of dimension ∆ in a CFT as an example. In the spacelike region x 2 < 0,
When −x 2 > 0, choosing ±iǫ gives the same result because there is no branch cut in this region. When −x 2 crosses zero, choosing ±iǫ must give different results. We may orient the branch cut of (−x 2 ) −∆ along the negative real axis of −x 2 . To obtain the correlator for timelike separation, we must analytically continue the spacelike expression.
The quantity O(x, t ± iǫ)O(0) denotes the continuation of the Euclidean two-point function to complex time, and so the operator ordering of this expression is meaningless except in the limit ǫ → 0. Moving O(x) through the future f or past p lightcone of O(0) corresponds to t crossing ±|x|, which is equivalently fixed by sgn(t). This choice is separate from the choice of ±iǫ that gives the two different operator orderings. The timelike two-point function in the two kinematic regions t > |x| and t < −|x| is
The iǫ prescription is precisely what chooses the branch cut of the two-point function when the argument becomes negative. There is an unphysical choice of overall normalization. Here we have chosen e ±iπ to parameterize the two directions of approaching the branch cut, but in general we may choose e αi , e βi for any |α − β| = 2π. A common choice is α = 0, β = 2π.
Having addressed the two-point function, we summarize the rules for obtaining the n-point correlator in which all operators are timelike separated from one another. The Lorentzian correlator
corresponds to the continuation t i → t i − iǫ i with ǫ 1 > ǫ 2 > ǫ 3 . . . > 0 of the Euclidean correlator in the limit of ǫ 1 → 0 [39] [40] [41] [42] [43] . Moving O i (x i ) past O j (x j ) in the correlator amounts to reversing the sign of ǫ i − ǫ j , which as we have seen amounts to approaching the branch cut in x i − x j from the opposite direction, as in (2.4). It is equivalent to view the iǫ prescription of approaching branch cuts as the complex time path of analytic continuation passing through different sheets of the correlator before reaching the real axis [18] . The location of the singularities can be different on different sheets of the correlator. See [18] for a detailed explanation of this contour prescription. Now, we address the null singularities of correlators. Correlators can have delta-function lightcone singularities that require a generalization of the iǫ prescription. We review the lightcone singularity of the 3 + 1 dimensional free scalar two-point function, as in for example [44] , and then provide its generalization to all dimensions. To our knowledge this generalization has not been stated in position space in the literature, so we justify the result in detail.
We begin by calculating the spacelike two-point function D(x) in d + 1 dimensions. We will omit most numerical prefactors. Performing the p 0 integral,
The ± signs specify the pole ±E p enclosed. With r ≡ |p|, we can integrate over the angular directions. The lightcone divergence comes from the large r behavior of D(x), which is
In the familiar case of d = 3 [44, 45] , the quantity (2.7) is
We could have obtained this divergence by analytically continuing the Euclidean two-point function instead. For t > 0,
where p.v. denotes the Cauchy principal value. We will omit the principal value designation from now on, but it is understood to be present and can be restored easily. For higher dimensions, (2.7) becomes 11) and (2.4), we can write the full CFT two-point function of O in general dimensions by analytically continuing the position-space Euclidean correlator. 12) where for
13)
The lightcone coordinates x f = |x| − t and x p = |x| + t. The prescription (2.13) matches the 3 + 1 dimensional free-scalar result of [45] .
We have discussed correlators of bosonic operators, but there is an additional negative sign involved in computing fermionic correlators through analytic continuation. Taking t z → t z − iǫ in the two-point function 0|ψ(z)ψ * (w)|0 at timelike separation produces 1/(z − w), but to obtain the other ordering one must take t z → t z + iǫ and also anticommute the fermions, obtaining 0|ψ 
Entanglement entropy from the replica trick
Our main tool in this work will be the replica trick, a useful method of calculating entanglement entropy in 1+1 dimensional CFTs. We will briefly review the replica trick here, but for a more complete review, see for example [47, 48] . The entanglement entropy S A of subsystem A can be computed as S A = −∂ n=1 tr(ρ A ) n , where ρ A is the reduced density matrix of A.
The quantity trρ n A can be computed from an n-sheeted Riemann surface, 14) where Z n (A) is the partition function of the theory on an n-sheeted Riemann surface. The surface is formed by joining n copies of the plane along cuts located at A on each sheet. The theory on the Riemann surface can be mapped to n copies of the theory on the plane with local twist operators that impose the correct boundary conditions upon the n species of replica fields. trρ n A is proportional to the expectation value of these twist operators [47] . The twist operator Φ n (u) and anti-twist operatorΦ n (v) are inserted when the subsystem A is the interval (u, v), the case we consider. We use the twist operator normalization fixed ) and c is the central charge of the theory.
The action of the twist operators is apparent in their diagonalizing basis. Labeling the n replica fields on the plane as φ l , the diagonalizing replica fieldsφ k arẽ
Moving the φ l around the twist operator Φ n (u) takes φ l → φ l±1 , and is equivalent to multiplyingφ k by e 2πik/n . Moving around the anti-twistΦ n (v) produces a factor of e −2πik/n .
Deforming the Lagrangian L of the original theory by φ m corresponds to deforming the replicated Lagrangian L n by l (φ l ) m , and 16) up to an overall n-dependent normalization factor. For bilinears, l φ l φ l = φ kφ−k .
The free fermion theory provides an explicit realization of the twist operators through bosonization. Details of the setup not provided here can be found in [37, [49] [50] [51] . In bosonization, the holomorphic and anti-holomorphic fermions are written in terms of a free scalar as follows:
where φ(z)φ(w) = − ln(z − w) and similarly forφ. Here φ,φ are real. Under cyclic permutation of ψ l , the fermion on the last sheet must be identified with the first fermion up to a negative sign that depends on whether n is even or odd, as ψ l can always be redefined to eliminate all but a possible overall sign change under this operation [50] . The diagonalizing replica fieldsψ k arẽ
The inverse transformation is
We will be using fermion bilinears in this work, for which l ψ l ψ * l = ψ kψ * k . The twist operators for the free fermion are
The operator e iαφ(z) has conformal dimension 1 2 α 2 , consistent with the normalization of
We will use the normal-ordered product of twist operators. Notice that this operator is a neutral product of vertex operators. For interval A between (u,ū) and (v,v) ,
where Z 0 (n) is the n-sheeted partition function for the vacuum [50] . Z 0 (1) = 1 and −∂ n | n=1 Z 0 (n) = S A , the entanglement entropy of the interval in the vacuum. The factor Z 0 (n) will not contribute to any of our entanglement entropy calculations, so we will omit it. We will sometimes use the notation Φ n (u,ū) = Φ n (u) for compactness.
3 First order metric perturbation: Euclidean AdS 3 /CF T 2
In this section we work in Euclidean AdS 3 /CF T 2 and compute the perturbative correction to the vacuum entanglement entropy, which is
to first order in a metric perturbation. Here, ǫ is a UV cutoff. We consider an infinitesimal Weyl transformation as our metric perturbation:
We compute the change in entanglement entropy using the replica trick in the CFT and find that the correction depends only on the metric perturbation at the interval's endpoints, which is expected as perturbation by the trace of the stress tensor preserves conformal symmetry wherever ω(x) = 0. Next, we compute the change in entanglement entropy as the change in a proper-length cutoff and find agreement with the replica trick result. Using the Ryu-Takayanagi prescription, we compute the first-order correction in AdS 3 and reproduce the CFT result. Our ultimate goal is to work in Lorentzian signature, and this Euclidean computation will mirror features of later Lorentzian calculations.
CFT 2 : Replica trick
We begin by using the replica trick. The quantity trρ n A changes under an infinitesimal Weyl transformation as
We have used the stress tensor normalization such that for an infinitesimal diffeomorphism that acts as g ′ µν = g µν + δg µν , the action changes as δS = − 1 2
T µν δg µν . Using the Ward identity,
We therefore have 5) and the change in entanglement entropy
Only the Weyl transformation at the endpoints changes the entanglement entropy to this order.
CFT 2 : Proper length cutoff
We can view the change in entanglement entropy as a change in the coordinate length UV cutoff ǫ defined by a proper length ǫ p that is held fixed under the infinitesimal Weyl transformation. After the Weyl transformation, the coordinate length cutoff ǫ associated with u for example is
we can expand ω(x) about u and neglect all but the leading term ω(u). Therefore,
We remind the reader that we have the freedom to choose two distinct UV cutoffs, one associated with each endpoint [52] . Choosing two cutoffs ǫ p (u), ǫ p (v) is equivalent to replacing
in the vacuum result with a single cutoff.
Using (3.8),
in agreement with (3.6).
AdS 3 : Ryu-Takayanagi
For a holographic CFT 2 , the Ryu-Takayanagi prescription can be used to calculate the change in entanglement entropy in the dual AdS 3 . In AdS 3 , we can implement the infinitesimal boundary Weyl transformation through a bulk diffeomorphism. We work in the Poincare patch of AdS 3 and use the Fefferman-Graham coordinates for the metric near the boundary.
where η → ∞ corresponds to the boundary of AdS 3 and l is the AdS radius. In an asymptotically AdS 3 spacetime, the CFT 2 metric and expectation value of the CFT 2 stress tensor can be read off from the form
The term g
ij is the CFT 2 metric and g (2) ij is proportional to the expectation value of the boundary stress tensor [53] .
Precisely speaking, conformal transformations of the CFT are a conformal coordinate transformation followed by a Weyl transformation to remove the conformal factor. By modifying the bulk diffeomorphism that produces this boundary conformal transformation [53] , we can find the diffeomorphism that will implement only the boundary Weyl transformation. We work in (anti) holomorphic coordinates z,z with z = x + iτ,z = x − iτ . Consider the infinitesimal Weyl parameter ω = (ǫ +ǭ)/l, (3.13) where ω ≪ 1. ǫ/l will be the small parameter in the bulk. The diffeomorphism that produces the infinitesimal boundary Weyl transformation is 14) where the primes denote (anti)holomorphic derivatives. To first order in ǫ,ǭ,
It will be convenient to work in Poincare coordinates, with the radial coordinate ρ = le −η/l .
The transformation (3.14) in Poincare coordinates is
Converting back to coordinates x, τ , the transformation (3.14) is
According to the Ryu-Takayanagi prescription, the geodesic distance between boundary points x = u, x = v computes entanglement entropy. As (3.17) is simply a diffeomorphism, the geodesic distance between two points on the boundary will take the same form before and after the diffeomorphism. The change in length will arise from applying the diffeomorphism to the geodesic length expression. We will review the geodesic length computation. Consider a τ = 0 geodesic without loss of generality. The boundary cutoff surface is at ρ = δ ≪ l, r, where δ is related to the CFT cutoff and r = v − u. Geodesics in Euclidean AdS 3 are semi-circles. We parametrize the semi-circle centered at x = a, ρ = 0 and with radius r as ρ = r sin θ, x = a + r cos θ. Integrating from x = a + r to x = a − r, the geodesic length L is
The regulated endpoints of the interval, (x, ρ) = (a ± r, δ), transform to first order in the δ, ǫ as follows, where we denote spatial dependence of ǫ,ǭ with [. . .]:
The geodesic length is therefore
This is the transformed geodesic length. We now use the Ryu-Takayanagi prescription S A = Area min /4G N and the Brown-Henneaux relation c = 3l 2G N [9, 54] and find 22) in agreement with the CFT 2 result (3.6). The bulk computation resembles the proper-length CFT computation in that the transformation of the cutoff led to the change in entanglement entropy (3.10). There is no fundamental obstacle to extending (3.22) to higher orders in ω: the diffeomorphism that produces the finite Weyl transformation of the boundary is known [55] , and correlators of twist operators with stress tensor insertions are fixed by Ward identities.
First order metric perturbation: Lorentzian AdS 3 /CF T 2
In this section, we will calculate the first-order change in entanglement entropy due to a metric perturbation. From this point on, we will work entirely in Lorentzian signature. We will view the corresponding Hamiltonian perturbation by the stress tensor as creating an excited state. The two descriptions are entirely equivalent [22] . We consider the excited state U |0 with
where y ± are lightcone coordinates. Our notation in this section is y − = y − t y with y µ = (t y , y). The function g(y µ ) ≡ g(t y , y) is bounded and contains a small dimensionless parameter so that the first order correction in g to correlation functions dominates for small value of this parameter. To first order in g, time ordering will not be relevant. Acting with the operator in (4.1) is equivalent to perturbing the metric by δg −− = g(y µ ). We compute entanglement entropy of a constant-time interval A at a time t x when the source has turned off: g(t x , y) = 0 for all y. At this point the Hamiltonian is once again equal to the unperturbed Hamiltonian, but the state is no longer the vacuum of that Hamiltonian. We choose t x = 0 for convenience. The first order correction to entanglement entropy is found by calculating the entanglement entropy in the state (1 − iλT (y − )) |0 to first order in λ and then integrating this quantity I λ against g:
Agreement between CFT and bulk methods occurs for the kernel of the perturbation I λ as expected. Non-analyticity of g in time poses no fundamental obstacle to defining or implementing the replica trick, and our calculation demonstrates this perturbatively. In the CFT, we will use the entanglement first law and the replica trick and find agreement. A basic causality property of entanglement entropy, that excitations localized to the causal domain of A cannot change the entanglement entropy S A , is not manifest in the modular Hamiltonian. However, this property holds nevertheless, and imposes constraints on the modular Hamiltonian. In the bulk we will use the Hubeny-Rangamani-Takayanagi proposal and reproduce the CFT result. Finally, we will integrate I λ and provide an interpretation for the change in entanglement entropy as a changing of the physics at the cutoff (entangling) surface.
CFT 2 : Entanglement First Law
We will compute the correction to the entanglement entropy using the entanglement first law [14] . The first-order correction δS A is
is fixed by conformal invariance.
where we have omitted the overall factor of c. The commutator has support only on the lightcone, as seen from (2.13).
[
The correction to entanglement entropy (4.3) is
From this expression, it naively seems that entanglement entropy can change when the perturbation is within the causal domain D A of A, violating a well-known causality property of entanglement entropy [22, 56] . D A is defined as the region through which no timelike geodesic can intersect without also passing through A. In the present case, D A is the causal diamond of A. Integrating by parts,
where primes denote spatial derivatives. We have used that f (x) is zero for x ∈ ∂A, the boundary of the interval, which is necessary for the modular flow to vanish at ∂A. If we restored the overall numerical factors we have omitted, we would find that the i in the commutator multiplies the i coming from the perturbation to give a real result.
We have also used that f ′′′ (x) = 0 for x ∈ A. We had no reason a priori to require f ′′′ (x) = 0, but notice that if this were not true, entanglement entropy would change due to an excitation localized entirely within D A . We see that simple causality considerations restrict the form of f (x). This argument applies only in two dimensions, but the same f (x) appears in higher-dimensional modular Hamiltonians, and so can be viewed as a constraint on the modular Hamiltonian. This argument applies whenever the modular Hamiltonian is given by an integral over the stress tensor over any spacelike surface with the same boundary as A.
Showing that f ′′′ (x) = 0 for x ∈ A follows from some basic principle would be illuminating.
In general, this property holds for the vacuum modular Hamiltonian defined by choosing any Cauchy surface for D A . Substituting for f (x), we have
While the perturbation we have shown is right-moving, a general metric perturbation can change the entanglement entropy when null-separated from the interval's endpoints.
CFT 2 : Replica Trick
We compute I λ using the replica trick [47] in Lorentzian signature. In Euclidean signature, the expectation value of T (y − ) on the n-sheeted Riemann surface is
Acting with −∂ n=1 ,
We will assume that we can use the replica trick to calculate the change in entanglement entropy by treating the twist operators as well-defined local operators purely in Lorentzian signature. Using standard real-time perturbation theory implies that corrections to their expectation value will involve computing their commutators with Hamiltonian perturbations. This assumption is the natural sibling of the assumption made in order to compute excitedstate entanglement entropy using twist operator insertions [20] .
Our assumption should not be confused with assuming a purely-Lorentzian definition of the twist operators. The twist operators are ordinarily defined by imposing boundary conditions that lead to a Euclidean n-sheeted Riemann surface -moving a diagonalizing replica field φ n on sheet n around the twist operator in Euclidean signature exchanges the field for one on another sheet: φ n → φ n±1 . Calculations for non-zero Lorentzian time are performed first in Euclidean time and then analytically continued. This procedure is equivalent to using the Schwinger-Keldysh contour. See [12] for further discussion of this point. Performing real-time perturbation theory, however, is equivalent to instead using the closed-time (Keldysh) contour and treating the twist operators as well-defined operators in some Lorentzian-signature quantum field theory. See refs. [22, 57] for a review. While in Lorentzian signature the replica trick is well-defined and twist operators can be identified by their fractional lightcone singularities in correlators, there is no obvious method of defining the twist operators without recourse to complex time.
According to our assumption,
We must analytically continue
Using (2.13),
This agrees with the first law result (4.8).
AdS 3 : Hubeny-Rangamani-Takayanagi
We compute the change to entanglement entropy using the HRT proposal. We first use a bulk diffeomorphism to implement the boundary metric perturbation in analogy to the Euclidean case. Next, we directly compute the geodesic length and find agreement between the two methods and with the CFT result.
In general dimensions, we would need to check that the bulk metric sourced by our metric perturbation at the cutoff surface has a boundary stress tensor expectation value that agrees with the CFT value. However, in pure AdS 3 , the solution for the bulk metric with a flat boundary CFT metric g (0) µν = η µν is known exactly. For T zz = Tz z = 0,
where L ± ∝ T ±± [53, 58] . By solving Einstein's equations in the bulk or using the CFT stress tensor two-point function, one can show that perturbations of g ±± are accompanied by a non-zero Weyl anomaly, T ±∓ = 0 [59] . However, after the perturbation has turned off, T ±∓ = 0 and (4.14) applies. It is this regime we are considering. As in the Euclidean case, we may calculate the change in the HRT surface length by finding the diffeomorphism that reproduces the correct boundary stress tensor expectation values. We will label the boundary lightcone coordinates as z,z so the parallels to the Euclidean case are clear. The small parameter ǫ(z,z) is dimensionless and corresponds to the metric perturbation δg zz = ǫ(z,z)δ zz . We assume ǫ has compact spacetime support. The diffeomorphism that reproduces
As expected, once the source turns off, the bulk metric can be obtained by a diffeomorphism that implements a boundary conformal transformation. The metric becomes
We use the diffeomorphism (4.15) to compute the change in entanglement entropy. To first order in the cutoff δ the extremal surface area changes as
Omitting overall factors and using z s = y − ,
This agrees with the CFT result (4.8).
A related but distinct computation was performed in [60] . The method of finding a diffeomorphism to reproduce the AdS 3 metric corresponding to a stress tensor perturbation was used to model the time-dependent entanglement entropy of a pulse in a CFT [60] . In this case the pulse produced a finite expectation value for the boundary stress tensor at all times, while in our case, the stress tensor expectation value turns on at some finite time. The two setups are physically different: in [60] , the state of the dual CFT being modeled was a mixed state, as the pulse changed the entanglement entropy when its location on the boundary was inside D A . In contrast, the perturbation we consider is a pure-state perturbation and, as we have seen, does not change the entanglement entropy when the perturbation is within D A . We will now reproduce the AdS 3 result through directly computing the geodesic length in the background (4.16). Interestingly, the integral naturally takes the same form as the entanglement first law. To first order in the metric perturbation, the extremal surface does not change. The extremal surface is a geodesic parameterized by θ as x = 
Here,
. This derivative is singular at the endpoints θ = 0, π as expected. We can rewrite this integral in a more familiar form. Substituting back for x and using dx = −r sin θdθ, r 2 sin 20) we can rewrite the integral as an integral over boundary coordinate x.
We have demonstrated agreement with the the CFT first law result (4.3) and therefore (4.8).
It would be interesting to extend this to higher order and include matter to obtain higherorder integral expressions for holographic CFT entanglement entropy. By subtracting the contributions from the perturbation to the state, which are known from standard real-time perturbation theory, this procedure would algorithmically calculate the corrections to the expectation value of the modular Hamiltonian for holographic CFTs.
Integrating the perturbation and interpretation
In this section we integrate I λ against g and discuss the result. As g has compact support, boundary terms arising in integration by parts are zero. We restore the factor of c we had omitted.
(4.22) We have used the notation g = g(y − , y + ). The entanglement entropy depends only on g along the lightcones of u, v.
The ∂g term is independent of interval length but zero if g is constant on the lightcone. In the Lorentzian bulk computation, this term arises from changing the cutoff. This interpretation of the result in the CFT is consistent with the ∂g term, as we expect changes in entanglement entropy due to changing the cutoffs at u, v to be additive and independent of the interval length v − u. When g changes across the lightcone, that is ∂ v g(v, y + ) = 0, the relationship between the inner and outer cutoff surfaces changes.
In contrast, the g term changes entanglement entropy even when g is constant across the lightcone. We interpret the g term as arising from correlations of the background state (the vacuum) between different locations on the entangling surface. This interpretation is consistent with the g term, whose contribution decays as 1/(v − u) and if g is constant, the change in entanglement entropy along u's lightcone precisely cancels that from v's lightcone. In the bulk calculation, this term comes from transforming the interval length.
Entanglement entropy obeys the causality properties of an operator localized to the entanglement surface. While there are well-known ambiguities in associating entanglement entropy with an observable located at the entangling surface, these ambiguities can arise from gauge invariance [61] . It would be interesting to examine whether these issues arise in computing corrections due to time-dependent perturbations. The causality structure of these corrections depends only on Lorentz-invariant quantities, and so perhaps these causal properties provide a gauge-invariant probe of the physics at the entangling surface.
The result (4.22) is valid even when g(t y , y) is not analytic in time. As previously discussed, Lorentzian-time calculations of entanglement entropy that use the replica trick begin with all operators at zero Lorentzian time and then the result is analytically continued. One may wonder whether this procedure is fundamentally limited, inapplicable when features of the excitation are not analytic in time, for example, discontinuities in the excitation or, in the bulk description, the metric. Perturbatively, however, we see that the computation does proceed by analytic continuation. We do not anticipate that non-analyticity in time poses a fundamental obstruction to implementing the replica trick.
A conjecture: interactions entangle excitations
The higher-order computations we will perform shortly provide evidence for the conjecture that interactions entangle excitations. In this section we will develop a convenient diagrammatic tool for performing computations in real-time perturbation theory, detail our conjecture, and provide motivation. The content in this section uses real-time perturbation theory [62, 63] . For a recent review, see [22, 57] . In real-time perturbation theory, the time contour in the path integral is never complex.
Diagrammatic rules for real-time perturbation theory
We develop a diagrammatic approach to real-time perturbation theory in order to simplify computations and make basic causality properties manifest. This approach applies to perturbations about a free field theory.
Consider computing corrections to the expectation value of an operator O due to turning on sources for operators A, B, C. We will consider a local operator O as an example. Spacetime Feynman diagrams describe the various contributions to the integrand at each order, as a function of operator locations x A , x B , x C , x O . In Euclidean AdS/CFT, these diagrams are Witten diagrams. Suppose the contribution we are interested in comes from the com-
The spacetime diagram will be ordered with t O > t C > t B > t A , which also determines whether operators cross future or past lightcones of other operators when continued to Lorentzian signature. The procedure we give accounts for that sign. The only non-zero contribution to the commutator comes from fully connected contractions.
In a spacetime diagram, lines that correspond to Wick contractions between operators at spacelike-separated points are labeled separated, as in figure 2. We call these lines spacelike lines for short, and similarly for timelike and null cases. Factor the spacelike contractions E s out of the Euclidean integrand E , as they will not affect the causal structure of the quantity E c we use to compute the commutator: E = E s E c . The time-ordering and corresponding commutator can be read off from the spacetime diagram. Begin by continuing E c to Lorentzian time with the following operator ordering:
using (2.13). Now beginning from O in the diagram and descending, subtract the continuation corresponding to reversing the iǫ associated with each vertex passed. This is nothing more than computing the commutator beginning with [C, O] and working outwards. Explicitly, L
Moving past B,
Another iteration produces the full Lorentzian commutator
This procedure is illustrated in figure 2 . Other than the rules we have described, the rules for building integrands from diagrams are the standard position-space Feynman rules. In the in-out perturbation theory used for scattering amplitudes, disconnected contractions cancel due to their exponentiation, while here the presence of disconnected contractions makes the whole diagram zero due when the commutators are computed.
Causality properties are manifest in the diagrammatic formulation. Information cannot be transmitted along spacelike lines, but these lines contribute to the perturbative result ac-cording to the correlations in the background state. This can be seen in the simple case of the correction to the two-point function given by [φ
spacelike lines can become null or timelike, becoming propagators and carrying information. Non-zero diagrams must be fully-connected to O once all spacelike lines are cut. From the cutting rule, it follows that every operator insertion must be connected to an operator in its future by at least one null or timelike line. Otherwise, this operator will commute with all operators in its future and the diagram will be zero.
The conjecture
In this section we make a conjecture about entanglement propagation in field theory. We will divide the conjecture into several parts. Consider the Lagrangian of a quantum field theory in d + 1 dimensions somewhere along its RG flow, written schematically as
Assume the initial state |Ψ is time independent for simplicity. Consider the entanglement entropy S of subregion A at a time t by which the source has turned off: J(t) = 0. Suppose S can be expanded in J, λ: Operators O create unentangled excitations and serve as building blocks for entangled states in that theory. We refer to these operators as unentangled operators, and all others as entangled operators. There generically exists a set of operators O λ that change the entanglement entropy in the presence of these unentangled excitations:
When L 0 is a free action, O λ can sometimes be built from normal-ordered products of O. One can think of operators O λ as the interactions necessary to entangle unentangled excitations created by O. The first conjecture is that only entangled operators can entangle excitations:
S m,n>0 = 0 only when one can draw spacetime "entanglement diagrams" to determine for which n, interactions O λ , and kinematic regions S m,n>0 = 0 is allowed. See figure 3 for a simple example. The second conjecture is that Even when L 0 is a free Lagrangian, entanglement diagrams generically do not reduce to spacetime Feynman diagrams associated with real-time perturbation theory, whose lines are Wick contractions of local free fields 1 .
One may identify the vertices of entanglement diagrams as follows: for example, in the S 3,1 correction, the operator O λ serves as a cubic vertex for operators O in the associated entanglement diagram when Ψ|OOOO λ |Ψ = 0. In general,
Conjecture 3 :
O λ is an n-point vertex for O in entanglement diagrams when
In large-N field theories, we can choose O, O λ to be single-trace primaries whose dimensions are held fixed as N → ∞; in this case, one consequence 2 of (5.11) is that O λ serves as an m-point vertex for m odd at order N 0 . At order 1/N, m can be even or odd.
Entanglement diagrams obey the following rules, which are particular to entanglement propagation. At least one timelike or null line must end on the subregion A. All O λ , O insertions must remain outside the outside D A 3 . Entanglement diagrams obey an additional cutting rule over for example spacetime Feynman diagrams. Upon cutting all lines that end on A, every remaining connected subdiagram must contain at least one operator that is itself entangled. As a corollary, turning on sources for different unentangled operators does not produce entanglement. Entanglement diagrams distill two kinds of entanglement: entanglement due to excitations interacting and entanglement due to correlations in the background state. Entanglement cannot propagate along spacelike lines, but correlations in the state |Ψ will cause excitations to be correlated 4 . One can label diagrams according to the propagation of background state entanglement. O λ can entangle excitations that are themselves entangled, but not entangled with each other. This is the more common case, as generic operators are entangled. In this case, S m,0 = 0 but entanglement diagrams still dictate when S m,n = 0 is allowed and govern the flow of entanglement. We have formulated this section in terms of unentangled excitations, but our statements apply to processes which contain only entangled excitations.
Motivation and evidence
Similar entanglement structure has been found in excited state entanglement entropy computations [15] [16] [17] [18] [19] 22] . Working with the free scalar, [16] showed that entanglement entropy in state e iαφ |0 is equal to that of the vacuum, but in the state e iαφ + e −iαφ |0 jumps by log(2), precisely what is expected from a single entangled pair. The authors put forward a compelling quasi-particle picture, including a discussion of entangled operators. Here, the additional entanglement arose from interactions between the pair of excitations that oc-curred in preparing the entangled state. In processes with a time-dependent Hamiltonian, the entanglement will arise from interactions for the same reason. We expect the notion of entangled operators creating entangled states to parallel our conjecture for time-dependent Hamiltonians. We have only explored perturbations about the vacuum, but one can perform similar perturbative computations in excited states.
In this work, we consider L 0 for free and holographic field theories and |Ψ = |0 . Our results in Section 6 will provide evidence for the conjecture in Section 5.2. We consider localized excitations to make the mechanisms physically transparent. Without a general method to compute field theory entanglement entropy, it is unclear how to prove the statements in Section 5.2 that we have not already shown to follow from basic properties of entanglement and causality. While entanglement entropy is not itself a physical observable, it is determined by ρ A , and all observable properties of ρ A are fixed according to the expectation values of operators localized to D A , which themselves change according to standard real-time perturbation theory.
Higher order perturbation theory: the free fermion
The computations in this section demonstrate the mechanisms that we conjecture in Section 5.2. Even in the absence of excitations, deforming a CFT by some operator will change its vacuum entanglement entropy. This can be seen from the Euclidean perturbation theory and has been well studied. How this happens is clear: deforming the CFT changes the vacuum state. Here, we will perform computations that reveal a different mechanism: separately from changing the vacuum state of the theory, interactions change entanglement entropy by entangling excitations.
We calculate higher-order corrections to entanglement entropy in the free 1 + 1 dimensional fermion using the replica trick. The twist operators for the free fermion are known explicitly and so the result can be computed exactly, with causality properties manifest at every step. We compute several entanglement diagrams built from the following chiral operators:
with k = −1/2(n − 1), −1/2(n − 1) + 1, . . . , 1/2(n − 1). These operators are the spin 1, 2, and 3 currents respectively, which are built from bilinears of fermion fields, schematically : ψ∂ m ψ * : with m = 0, 1, 2 [37, 64] .
Warmup: metric perturbation
To understand basic features of fermionic calculations of entanglement entropy, we warm up by reproducing the first-order change in entanglement entropy due to a metric perturbation (4.13). Using (2.21),
The singularity structure of (4.13) is apparent even before acting with −∂ n=1 to obtain entanglement entropy.
.
3) The remaining steps lead to (4.13).
J creates unentangled excitations
We will compute entanglement entropy due to perturbations in J with a time-dependent source. Without loss of generality, we will suppose v is spacelike-separated from all sources to simplify the expressions unless specified otherwise. At first order in J(z), entanglement entropy does not change. The Euclidean integrand is
Performing the sum over k, we see I J = 0, as expected for a primary operator. The secondorder correction comes from
Performing the sum over k 3 , k 4 gives zero in any connected correlator above. All higher-order corrections will be zero for the same reason, which is that J is linear in ∂φ. J therefore creates an unentangled excitation as defined in Section 5.2. J is indeed a non-trivial excitation, as it does change correlators of fermions on the plane.
Adding an interaction W entangles J excitations
We introduce a cubic interaction W and observe how this entangles two unentangled J excitations. To O(J 2 W ),
All connected contractions are zero because they involve a sum over an odd power of k i . Non-zero correlators require an even number of φ operators within the correlator with twist
Not all contractions contribute to entanglement entropy. All terms with a single contraction between φ(w) or φ(z) with φ(u) are zero upon summing over k i . This is true to all orders in J, W , consistent with the cutting rule for entanglement diagrams, as J represents an unentangled excitation. This conjectured cutting rule is non-trivial and specific to entanglement entropy: in computing corrections to generic correlators instead of entanglement entropy, these contractions would not be zero. If all lines ending on A are cut and the diagram D factorizes into D ent D unent , which is the product of a diagram that changes the entanglement entropy on its own and a diagram containing only unentangled excitations, then the associated change in entanglement entropy occurs at a different order in perturbation theory than the original diagram. The diagram in figure 4 with the x, y contractions exchanged has no branch cuts in u − y, and so will be zero once we compute the corresponding commutators. As explained in Section 5.1, this is the real-time perturbation theory rule that every vertex must have at least one future-directed line that is not spacelike.
There are two allowed diagrams, and which one is non-zero depends on the location of x, y. The diagram in figure 4 corresponds exclusively to the causal entanglement of excitations. In contrast, when for example u = x and v = y, the diagram in figure 5 corresponds exclusively to background state entanglement.
We compute the diagram in figure 4 . The Euclidean signature integrand is
(6.8)
Using the procedure in Section 5.1, it is straightforward to compute the commutator, al- though we will shortly use real-time Feynman rules to simplify the process further. Using the top sign in the top line of (2.13),
I
(1)
As in Section 5.1, we begin with the operator at u descend to compute the commutator.
We see that the W operators entangle the unentangled J excitations and entanglement travels according to the associated entanglement diagram. It is straightforward to integrate this result against sources for the operators, as in (4.22) .
where J J , J W are the source functions for operators J, W . Because we work in free field perturbation theory, real-time position space Feynman rules apply, and they simplify calculations further. We will need the Feynman rules for operators φ, ∂φ. Using the above Feynman rules, we can now easily compute the diagram in figure 5 in the kinematic regime w = u, z = u. We find the contribution
We see that the background state entanglement decays in y − x. That this diagram decays in y − x is expected from the spatial decay of vacuum correlations. In the regime w = z = u,
2 ) performing the integration reveals similar features to the metric perturbation result (4.22) , namely that the sources often must change across the lightcones of u, v in order to change entanglement entropy. This is a distinctly time-dependent feature of entanglement entropy and its interpretation is similar to that of (4.22) . Diagrams in other kinematic regions are straightforward to obtain from the results we have given, and higher-order integrands are similarly easy to construct using the tools we have provided.
As all the operators we have used are fermion bilinears, the standard Wick contraction between fermions would not have produced a diagram with a cubic vertex. However, the condition we gave in (5.11) identifies W as a cubic vertex. The bosonic field φ and entanglement diagrams naturally describe entanglement propagation similarly to how the fermionic field ψ and spacetime Feynman diagrams naturally describe time-dependent corrections to local observables. It is straightforward to show that W creates entangled excitations, and so the conjectures (5.9), (5.10), and (5.11) hold for operators J, W .
Discussion
In this work, we have investigated entanglement entropy in conformal field theory with a general time-dependent Hamiltonian. We have extended previous first-order studies by computing higher order corrections. Past first order, we found evidence of a universal entanglement structure in perturbation theory. We have conjectured that interactions entangle unentangled excitations. This conjecture has a practical use: it provides a prescription for identifying the building blocks of entanglement according to a microscopic description of how these building blocks interact to generate entanglement. Using the free fermion as an illustrative example, we identified the spin-1 current J as an unentangled excitation, included the spin-3 current W as an entangled interaction and found that, when the interaction turns on where the two J excitations collide, the interaction entangles the excitations. We computed the corresponding J 2 W 2 processes. Having identified unentangled excitations J and an entangled cubic vertex W , we show that the free fermion is a simple, tractable arena in which to investigate details of entanglement propagation. We provided a diagrammatic approach to real-time perturbation theory and found this approach makes causality properties of the correlators manifest, as well as streamlines their computation. We have conjectured that the flow of entanglement entropy is governed by "entanglement diagrams". Entanglement propagates only when there is a non-trivial entanglement diagram associated with the process. These diagrams are motivated by the accessory spacetime Feynman diagrams of real-time perturbation theory, but they do not correspond to Feynman diagrams of local operators. Entanglement diagrams obey non-trivial rules specific to entanglement entropy. In the bosonized free fermion, entanglement diagrams are spacetime Feynman diagrams but for the boson φ rather than the fermion ψ. The procedure we propose for identifying vertices in entanglement diagrams identifies W as a cubic vertex independently of the bosonization procedure that makes this fact manifest. More generally, we expect that further study of entanglement diagrams and the entanglement of excitations by entangled interactions may uncover natural variables for entanglement propagation in field theory.
Future directions
We detail several exciting directions of further study, some of which we hope to report on in the future.
Causality may place stringent constraints on the 1 + 1 dimensional modular Hamiltonian via a bootstrap approach, order by order in perturbation theory. In Section 4 we found that entanglement causality places a non-trivial constraint on the integrand of the modular Hamiltonian if the integrand is function of local operators. Using the replica trick and Ward identities, one can compute the entanglement entropy due to metric perturbations to arbitrary order. Constraints on the modular Hamiltonian at a given order feed into its form at the next order. The ansatz can be checked for consistency against the exact expression, obtainable using standard perturbation theory [65] . At each order, the modular Hamiltonian must be consistent with entanglement causality due to perturbation by primary operators as well.
While local, explicit twist-operators are special to 1 + 1 dimensional fermions, replica trick computations in the free scalar and fermions are in principle straightforward in general dimensions for a single interval [16] . One can clarify the relationship between entangled operators for excited states and Hamiltonian perturbations, as there is a correspondence between local operator excitations and Hamiltonian perturbations [22] . For example, vertex operators have a simple interpretation as building blocks of EPR states [16] . What is the entanglement propagation structure of vertex operators as Hamiltonian perturbations? The entangling interactions O λ affect entanglement propagation. A concrete question to answer is: how does entanglement velocity depend on the choice of O λ ? We have only addressed entanglement entropy, but one may investigate similar questions for other information theoretic measures.
Time-dependent Hamiltonian perturbations can serve as another probe of HRT. Specifically, approximate expressions for the conformal blocks dominating the OOΦ nΦn correlator are known in the large c limit for holographic CFTs [20, 66, 67] . This correlator gives the entanglement entropy to second order in the Hamiltonian perturbation J(t)O, and one can compare the result to the bulk HRT calculation. Keeping ∆ O /c fixed in the large-c limit corresponds to a non-perturbative bulk computation. In [68] one part of this CFT calculation was performed. ∆ O (n) = n∆ O was used, while the full second order correction involves the operator
On the other hand, holding ∆ O fixed in the large-c limit corresponds to standard bulk semiclassical perturbation theory. While we have so far discussed entanglement in flat spacetimes, it is well known that the structure of entanglement in AdS plays an important role in the AdS/CFT correspondence. In particular, one may investigate the entanglement spreading that we have described in flat space in AdS, and address its dual CFT interpretation. What is the CFT dual of bulk entanglement diagrams like figure 1? Specifically, tree-level Witten diagrams can be expressed as linear combinations of conformal blocks, see for example [69] , and so we expect that bulk tree-level entanglement diagrams have a dual CFT description at the corresponding order in 1/N. How do the UV data of the theory -the interactions -affect entanglement structure on a covariant measure of entanglement and entropy, namely light sheets [70, 71] ? One can study loop-level effects in entanglement entropy. The loop-level integrals are challenging, but these may be addressed using modern machinery developed to calculate scattering amplitudes [72] [73] [74] . Integrating over the external sources is a task particular to real-time perturbation theory, but computing entanglement entropy order by order in interactions O λ amounts to computing loop entanglement diagrams, and the integrals are analytic continuations of those that appear in loop-level scattering processes. Using the free scalar and fermion, and the perturbation theory tools we have presented here, one can investigate how UV behavior affects entanglement entropy.
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